O cJ)paKTajibHbix KpHBbix IleaHO 

E. B. mennH * 

nocemu,aHemcH naMHmu JIwOmujiu BceeoAodoenu Kejidum 



BBe^eHHe. Ilofl npueou Tleano no,n,pa3yMeBaeTca jiio6oe HenpepbiBHoe OTo6pa»ceHHe 
ihcjioboto OTpe3Ka Ha njiocKHii KBa,n,paT. B [Q o6ocHOBaHa nejiecoo6pa3HOCTb 
npiiMeHeHiifl KpnBbix IleaHO ,n,jia nocTpoeHna pa3BepTKH TejieBH3opa c sjieKTpoHHO- 
jryieBon Tpy6Koii. 1 B neaHOBCKHx TejieBH3opax noMexn CBopannBaiOTca, no 
cpaBHeHHio c oGmhhoh ctpohhoh pa3BepTKoii, ito aojdkho npHBO/niTb k 6ojibineH 
ycToii^HBOCTH H3o6pajKeHHH. Pa3BepTKa Ka^pa npe,n,CTaBJiaeT co6oh KpnByio 
— TpaeKTopino CBeTameiica toikh Ha sxpaHe MOHHTopa. Hhcjio CBeTairnixca 
ToneK Ha sxpaHe KOHenHO h sjieKTpoHHbiii jiyn no o^epe^H ocBemaeT sth tohkh. 
IloaTOMy pa3BepTKa npe-flCTaBjiaeT co6oii inicppoByio KpnByio — OTo6pa»ceHHe 
inicppoBoro (T.e. cocToain,ero H3 KOHeHHoro nncjia tohc-k — nnKcejieii) OTpe3Ka 
Ha nncppoBoii npaMoyrojibHHK — sxpaH TejieBH3opa. IloMexy npe,a;cTaBHM ce6e 
Kax KpaTKOBpeMeHHoe HapynieHne nepe^ann cnrHajia. Ecjih noMexa npoH3onuia 
b HeKOTopbiii HHTepBaji BpeMeHH, to Ha sxpaHe HapyniHTca H3o6pa»ceHHe Ha 
pa3BepTKe SToro HHTepBajia, to ecTb b toh o6jiacTH sxpaHa, KOTopyio sjieKTpoHHbiii 
jiyi npoxoflHT 3a stot BpeMC-HHoii HHTepBaji. Iljiomaflb noMexn (kojih^cctbo 
nnKcejieii axpaHa b hc-h coflepjKamHxca) onpe-flejiaeTca bcjihihhoh BpeMeHHoro 
HHTepBajia noMexn n 3aBHCHT jinnib ot nacTOTbi Ka^poB. OHa 6y,n,eT o^HHaKOBa 
Kax fljia nocTpoHHoii, Tax n ,n,jia neaHOBCKoii pa3BepTOK, nocKOJibKy n Ta h 
Apyraa 3a o,zniHaKOBoe BpeMa (BpeMa MejK^y ^ByMa Ka^paMn) npoxo^aT paBHoe 
ihcjio nnKcejieii (KOJinnecTBO Bcex nnKcejieii axpaHa) . Ho (popMa noMexn 6y,a;eT 
cymecTBeHHO pasjniiaTbca. Ecjih fljia noerpoHHon pa3BepTKH noMexa BbiTarHBaeTca 
Bflojib CTpoK nepe3 Becb SKpaH, to b cjiynae neaHOBCKoii pa3BepTKH OHa CBopaHHBae-Tca 
h MoaceT HMeTb BecbMa He6ojibnioii ,zniaMeTp. Cpe,zni pa3JinnHbix pa3BepTOK 
npe^nonTeHne cjie^yeT OT,n,aTb Toii, KOTopaa b Han6ojibnieii CTeneHH CBopamBaeT 
noMexn. BbiTaHyTOCTb noMexn MoaceT 6biTb oxapaKTepH30BaHa OTHonieHneM 
KBaflpaTa ee ^naMeTpa k ee njioma^n. Ecjih KpHBaa IleaHO 3aMeTaeT njioma^b 
c nocToaHHoii cxopocTbio (a TaxoBbi Bee (ppaKTajibHbie KpnBbie IleaHo), to 
cnoco6HOCTb CBopannBaHna noMex KpnBoii p(t) xapaKTepn3yeTca MaKCHMyMOM 

Keadpamuo-jiuHeuHozo orrmoweHun ^%E^] ■ HanpHMep, KjiaccniecKaa KpHBaa 
IleaHO-rHjib6epTa, ksk noxasaji K.BayMaH [2], HMeeT MaxcHMajibHoe KBaflpaTHO- 
jiHHenHoe OTHonieHne paBHoe niecTH. OTKpbiTbiM aBjiaeTca cjieflyioiiniH Bonpoc. 

IIpo6jieMa 1. Kanoeo nauMeHbtuee hucjio k, Ojui nomoposo cyutficmeyem nenpepuenoe 
omo6pacHceHue eduuuuHozo ompe3%a na edunuHHUu neadpam c MaKCUMCiAbHUM 



*Pa6oTa HanacaHa b paMKax nporpaMMH PAH "Ajire6paH*recKHe h KOM6HHaTopHbie 

MeTO^M MaTGMaTHHGCKOH KHfDGpHGTHKH 11 . 

X B pGajIbHOCTH BCGrfla, KOH61HO, pGIb HflGT H6 O HenpepblBHOft KpHBOH IleaHO, a O KaKOM 

to ee ^HCKpeTHOM npn6jiH>KeHHH. 
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KeadpamHO-jiuueuHUM omHomeuueM paenuM n ? 

Ife TeopeMM Apnejia BbiTexaeT KOMnaKTHOCTb MHOJKecTBa OTo6pa»ceHHii e^niHHHHoro 
OTpe3Ka b e^HHHHHbiii KBa^paT, HMeioiujix KOHe^Hoe KBaflpaTHO-jiHHeiiHoe OTHomemie. 
IIosTOMy ihcjio n cymecTByeT. 3to hhcjio Ha3biBaeM KOHcmanmou Ueano. Ife 
pe3yjibTaTOB CTaTbH pjj BbiTexaeT, hto k < 5|. B HacTOflmeii pa6oTe ,a;oKa3aHO, 
nTO k > 3^. A ochobhmm pe3yjibTaTOM HacToameii CTaTbH aBjiaeTca ,a;oKa3aTejibCTBO 
Toro (paKTa, hto fljia ninpoKoro Kjiacca (ppaKTajibHbix neaHOBCKHx kphbmx 
MaKCHMajibHoe KBaflpaTHO-jiHHefiHoe othoiii6hh6 He mojkbt 6biTb MeHee naTH. 

HnacHaa ou;eHKa KOHCTaHTH IleaHo. TLor npueou, mm BCio^y HH»ce ncmiiMaeM 
HenpepbiBHoe OTo6pa»ceHHe b njiocKOCTb HHCJiOBoro HHTepBajia, KOTopbiii mm 
6yn,eM HHTepnpeTHpoBaTb, xax bp6M6hhoh h sjieMeHTM KOToporo 6yn,yT Ha3MBaTbca 
MOMeumaMU Bp6M6HH. 

EdunuHHOu neaHOBCKoii kphboh Ha3MBaeTca KpHBas, OTo6pa>Kaioiri;aH g^hhhhhmh 
OTpe30K Ha eflHHH^Hbiii KBa,a;paT. 

TeopeMa 1. KeadpamHO-jiuneuHoe ortmoweHue edunuHHOu neauoecKou npueou, 
ne Mootcem 6umt> Menbiue neM 3.5 

JJ,oKa3amejibcmeo. 06o3HaHHM *iepe3 A, B, C, D BepniHHM KBa,a;paTa, a Hepe3 
a,b,c,d MOMeHTM BpeMeHH, b KOTopbie hx npoxo^HT KpnBaa. IIpeflnojio>KHM, 
^to a < b < c < d. Tenepb, bo nepBbix, 3aMeTHM, hto napbi BepniHH A, B, 

B,C, C,D HBJIfllOTCfl COCe^HHMH BepiHHHaMH KBa^paTa. ^eflCTBHTejIbHO, ecjiH 

KBaflpaTHO-jiHHeiiHoe othoihghhg He npeBoexo^HT 3.5, to paccTOAHHa Mesc/iy 
npoo6pa3aMH coce/ninx BepniHH He MOJKeT 6biTb MeHbnie ^eM 2/7, a Me^K^y 
npoo6pa3aMH npoTHBonojioJKHbix BepniHH He mojkct 6biTb MeHbnie newi 4/7. 
IlosTOMy cyMMa ^jihh \b — a\ + \c — b\ + \d — c\ = \d — a\ < 1 MO»ceT 6biTb MeHbnie 
e^,HHHD,M, TOJibKO earn Bee cjiaraeMbie MeHbnie neM 4/7. ^ajiee 3aMeTiiM, hto 
npoo6pa3 OTpe3Ka AD ne nepecexaeT OTpe3Ka [b, c] , HHaie fljiHHa SToro OTpe3Ka 
6bijia 6m 6ojibnie HeM 4/7. ITocKOJibKy npoo6pa3M kohd;ob OTpe3Ka AD jieacaT 
no pa3Hbie ctopohm OTpe3Ka [b, c], nocTOJibKy Han^eTCH Tonxa OTpe3Ka AD, Ha 
paccToaHHH x ot A, b jno6oii OKpecTHOCTH KOTopoii HMeiOTCH TonKH, jie>Kani,He 
no pa3Hbie ctopohm ot [b, c] . Tor,n,a, ecjin KBa^paTHO-jinHeHHoe OTHonieHne He 
npeBoexo^HT 3.5, to nojiynHM #Ba HepaBeHCTBa Ha x. 

(1 + ir 2 ) < 3.56 (0.1) 
1 + (1-.t) 2 < 3.5(1 -c). (0.2) 

CKjiaflMBaa sth HepaBeHCTBa, nojiynaeM 2 + x 2 + (1 — x) 2 < 3.5 — 3.5(c — b). 
IlocKOJibKy jieBaa HacTb SToro HepaBeHCTBa ,a;ocTHraeT HaHMeHbniero 3HaHeHHH 
paBHoro 2.5 npn x — 1/2, a npaBaa HacTb HHKax He mojkbt 6biTb 6ojibnie 2.5, 
h6o c—b > 2/7, nocTOJibKy nocjie^Hee HepaBeHCTBO MO»ceT 6biTb cnpaBe,n,jiHBMM 
TOJibKO npn x = 1/2 n c — b = 2/7. Tor,a;a H3 nepBoro HepaBeHCTBa IjO.H cjie,a;yeT 
b > 5/14, a H3 BToporo — c < 9/14. OTKy,n;a c—b < 2/7, a 3HaHHT n KBa^paTHO- 
jiHHeiiHoe OTHomeHHe OTo6pa»ceHHfl, nepeBOflflmero b,c — > B, C , He MeHbnie ^eM 
3.5. □ 

H30MeTpHiHbie h no/i,o6Hbie KpHBbie. H30Mempueu MeJK^y kphbmmh 
/: [a, b] — > Qi n g: [c,d] — > Q2 Ha3MBaeTCH napa H30MeTpnii h,h', r^e h — 
H30MeTpna npaMoii, ah' — H30MeTpHH njiocKOCTH, Taxaa ^to h'f = gh. 
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^Be KpiiBbie /, g Ha3biBaiOTCH nodo6nuMU c KOScpcpHinieHTOM no^,o6HH k, 
ecjiH KpnBaa ykf(t/k) HSOMeTpn^Ha kphboh git), HanpnMep, ecjin k = 2, to 
g(t) onpe^ejieHa Ha OTpe3Ke ^jinHbi B^Boe 6ojibineM, neM f(t) n HMeeT o6pa3 
njioma^n BflBoe 6ojibineii neM f(t). 

•PpaKTajibHbie nepno^bi. OTpe30K, co,a;ep>Kairi;Hiica b oGjiaern onpe,a;ejieHHH 
kphboh f(t), Ha3biBaeTca (fipanmajibHUM nepuodoM stoh kphboh, ecjin orpamrreHne 
kphboh Ha 3tot OTpe30K no,n,o6HO Been kphboh. B flajibHennieM nepuod no 
yMOJinaHHio 03HanaeT 4>paK,majibHuu nepuod. 

Hepnoft Ha3MBaeTca MaKCUMaAbHUM, ecjin oh He co^epjKHTca hi b kskom 
flpyroM nepno^e. IIopjidKOM nepuoda Ha3biBaeTca ,a;jiHHa MaKCHMajibHoii pacTymeii 
ijenoHKH nepnoflOB, HannHaromencfl c flaHHoro. OrpaHnnemie kphboh Ha ee 
nepno^, Ha3biBaeTca (ppaKb^ueu. Cootb6tctb6hho MaKCUMdAbnou cf}paKU,ueu Ha3MBaeTca 
orpaHnnemie kphboh Ha MaKCHMajibHbiii nepnofl. H nopaflOK (ppaKinin onpe^ejraeTCH 
KaK nopa^OK ee nepno^a. 

JleMMa 1. BcMKoe 3a,MKHymoe neceM3Hoe nodMHOCHcecmeo S ompe3Ka [a,b] 
codepoicum reare mouny u30JiupoeaHHyw cjieea man u moHKy u30AupoeaHHyw 
cnpaea. 

JJ,OKa3amejibcmeo. TaK ksk S HecBA3HO, Han,a;eTCfl to^ks c 6 [a,b], cjieBa h 
cnpaBa ot KOTopoii HMeiOTca to^kh 5*. Tor^a max{s € S \ s < c} ABjiaeTCfl 
tohkoh S H30JiHpoBaHHOH cnpaBa, a min{s € S \ s > c} — H30jnrpoBaHHOH 
cjieBa. □ 

JleMMa 2. Bchkcih pacmyuifiM, upnoHKa nepuodoe o6pueaemcx. Bcxkiim, ySueawu^aM 
nocjiedoeamejibHocmb nepuodoe cxodumcM, k Hyjiw. 

fl,OKa3amejibcmeo. PaccMOTpnM MHO»cecTBO K03(p(pHn,neHTOB no,n,o6HH kphboh 

/ CBOHM (ppaKHHflM. 9tO MHOJKeCTBO BO-nepBbIX 3aMKHyTO. /JeiiCTBHTejIbHO, 

ecjin k\, k%, . . . nocne^OBaTejibHOCTb KoacpcpHinieHTOB no,2;o6Hfl h T\ c T% C 
. . . T n C cooTBeTCTByioiHaH hm nocjie^,OBaTejibHOCTb nepno^OB KpHBOH /. IlyCTb 
hi 1 h! i nocjie^OBaTejibHOCTb no,n,o6HH, nepeBO,n,fliHafl / b orpamiieHne / Ha Tj. 
Tor^a, nepexo^fl, ecjin HyjKHO k no^nocjie^OBaTejibHOCTflM, MO»ceM CHHTaTb, 
hto hi cxoflHTca K h, h cxoflflTca k h', a nepno^bi cxo/iatch k T. B TaKOM 
cjiynae orpamiHeHne / Ha T no,a;o6HO / nocpe,a;cTBOM napbi no,2;o6HH h,h', h 
K09(p(pnnneHT no,iio6HH, oneBn^HO, paBeH npe,a;ejiy hi. 

Ecjih mm npe^,nojiojKHM, hto HMeeTCH 6ecKOHenHaa B03pacTaioiHaH nocjie^OBaTejibHOCTb 

nepHO^OB, TO B MHOJKeCTBe K03(pCpHH,HeHTOB nOflo6Hfl BCe TOHKH 6y^yT HeH30JIHpOBaHHbIMH 

cjieBa. A 3aMKHyToe MHOJKecTBO c TaKHM cbohctbom cba3ho b cnjiy jieMMbi ^ 
B 9tom cjiynae KpHBaa o6jia,a;aeT HenpepbiBHbiM no,n;o6HeM, hto 03HaHaeT, hto 
KpnBaa HSOMeTpn^Ha jiHHeiiHOMy OTo6pa»ceHHio. 

AHajiorn^HO, ecjin HMeeTca y6biBaKmj,aa nocne^OBaTejibHOCTb K03(p(pHH,HeHTOB 
no^,o6Hfl, He cxo^HmaflCH k Hyjiro, to Bee sjieMeHTbi MHO»cecTBa K03(p(pHH,HeHTOB 

HeH30JIHpOBaHbI CnpaBa, HTO TOJKe BJieneT CBfl3HOCTb 3TOrO MHOJKeCTBa H JIHHeiiHOCTb 
KpHBOH. □ 

Cjie^cTBHe 1. Bchkuu $paKmajibnuu nepuod UMeem KoneuHuu nopndon. B 
Hacmnocmu, bcmkuu (ppanmajibHuu nepuod codepoKumcsi e MdKCUMajibHOM. 
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IIpaBHJibHbie pa36neHHH. IIocjie^,OBaTejibHOCTb paBHbix OTpe3KOB I\, . . . Ik 
Ha3MBaeTca npaeuAbHUM pa36uenueM ompe3Ka I, ecnii / = Uifc h pa3JiHHHbie 

OTpe3KH nOCJie^OBaTejIbHOCTH HMeiOT flH3TjIOHKTHbie BHyTpeHHOCTH. 

IIpaeujibHUM pa36ueuueM KBa,a;paTa Q = I x I Ha3biBaeTca coBOKynHOCTb 
npoH3Be,iieHHii {li x Ij}i,j<k, r Ae I\,...Ih aBjiaeTca npaBHjibHMM pa36iieHiieM 
OTpe3Ka /. 

JleMMa 3. Earn neadpam Q npedcmaeAen e eude o6neduneHUM paeuux neadpamoe 
{Qi}i<n, cyMMapnasi nAouifidb nomopux paena ruiouifidu Q, mo {Qi}i< n sieAnemca 
npaeuAbHUM pa36ueuueM Q. 

^onasameAbcmeo. IIpe^,ocTaB.naeTca nHTaTejno. □ 

tppaKTajiBHBie neaHOBCKHe KpHBtie. KpHBaa f(t) Ha3biBaeTca c/jpaKmajibHou, 
ecjiH KajK^aa TOHKa H3 o6jiacTH ee onpe/iejieHHa npHHa^jie^KHT HexoTopoMy 
cppaKTajibHOMy nepnofly. 

CPpaKTajibHaa KpHBaa Ha3biBaeTca npaeuAbnou neanoecKou, earn ee o6pa3 
ABJiaeTCfl KBa^paTOM h MaKCHMajibHbie nepno^bi o6pa3yiOT npaBHJibHoe pa36Hemie 
o6jiacTH onpeflejieHHH. 

JleMMa 4. 06pa3u MancuMdJibHux $pa,KU,uu npaeuAbnou neanoecKou Kpueoii 
f: [a,b] — > Q o6pa3ywm npaeuAbnoe pa36uenue neadpama Q. B Hacmnocmu 
KOAunecmeo MaKCUMdAbuux $pa,KU,uu sieAsiemcsi jioahum KeadpamoM. 

JJoKa3ameAbcmeo. 9to HeMe,a;jieHHO BbiTexaeT 113 JleMMbiEl □ 

Mm 6y,a;eM rcmopHTb, hto npaBHjibHaa neaHOBCKaa KpHBaa HMeeT (ppanmaAbHuu 
pod k, ecjiH OHa HMeeT k MaKCHMajibHbix nepno^OB. 

KjiaccnnecKaa KpHBaa IleaHO-rHJib6epTa aBjiaeTca npaBHJibHoii neaHOBCKoii 
kphboh (ppaKTajibHoro po^,a 4. A opnrHHajibHaa KpHBaa IleaHO HMeeT cppaKTajibHbra 
pofl 9. 

KoHeHHOCTb KBa^paTHO-jiHHeiiHoro OTHOineHHH. Ciuukom (ppaKTajibHoii 
kphboh Ha3biBaeTca KpHBaa, nojiyneHHaa orpamineHneM Ha napy coce^HHx (ppaKTajibHbix 
nepno^OB (jno6oro nopa^Ka). 

JleMMa 5. JJax ak>6ou npaeuAbnou neanoecKou Kpueoii UMeemca Auuib KOHennoe 
hucao nonapuo HeuaoMempmnux cmunoe. 

J^OKasameAbcmeo. IIpefloCTaBJiaeTca nHTaTejno. □ 

Ecjih /: [a, b] — > C aBjiaeTca ctmkom kphboh (ppaKTajibHoro po,a;a fc, to 
onpe^ejiHM Keadpamuo-AUHeuHoe omnoweHue cmuna f, ksk MaKCHMyM KBa^paTHO- 
jiHHeiiHbix OTHonieHHH ,a;jia nap x, y £ [a,b], Tarax ito \x — y\ > 2fe • 

JleMMa 6. Keadpamuo-AUHeuHoe omuomenue npaeuAbnou neanoecKou npueou 
paeno MancuMyMy U3 Keadpamno-AUHeuHux omHomenuu ee cmuKoe. 

JJ,OKa3ameAbcmeo. PaccMOTpHM npoH3BOJibHyio napy momghtob t, t' . IlycTb k — 
HaHMeHbHiee nncjio, ,a;jia KOToporo t, t' He npHHafljiejKaT CTbiKy (ppaKTajibHbix 
nepnoflOB 71- ro nopa^Ka. Tor^a t — t' 6ojibnie, neM fljiHHa nepnofla n-ro nopa,a;Ka, 
nosTOMy napa t, t npHHa^jiejKHT CTbiKy (n — l)-ro nopa^Ka h ynacTByeT b 
onpe^ejieHHH ero KBaflpaTHO-jiHHeiiHoro OTHonieHHa. □ 
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TeopeMa 2. JJax ak>6ou npaeuAbnou cfipanmaAbnou neanoecKou npueou Keadpamno- 
AUHeunoe omnouienue ospanuHeno ceepxy. 

,IfoKa3ameAbcmeo. HeMe^jieiiHO BbiTexaeT H3 jieMM 03 h □ 

^HaroHajiBHbie h o,a,HOCTopoHHi>ie KpHBbie. B cootb6tctbhh c #OKa3aHHoii 
HHJKe TeopeMoii|S|npaBHjibHbie neaHOBCKHe KpiiBbie ,neji.HTCfl Ha ppa. THna: duasonaAbnue, 
y KOTopbix Ha^ajio h kohgij jiexcaT Ha ^HaroHajiH KBa/rpaTa h odnocmoponnue, 
y KOTopbix Ha^ajio h kohgi^ jie»caT Ha o^hoh CTopoHe. 

JleMMa 7. Ecau k > 2, mo Heeo3MOOK.no nepenyMepoeamb ece neadpamu 
{Qi}i<k 2 npaeuAbuozo pa36ueHUM, neadpama Q man, nmo6u neadpamu Qi u 
Qi+i npu i = 1, 2, . . . , k 2 — 1 nepecenaAucb no cmopone, a neadpamu Qi u Qi+2 
npu i — 1, 2, . . . , k 2 — 2 nepecenaAucb no eepuiune. 

/^OKa3ameAbcmeo. IIpe^nojiojKHM, hto Taxaa HyMepainia cymecTByeT. PaccMOTpnM 
tot H3 yrjiOBbix KBa/ipaTHKOB Q, CKa^KGM Qi, fljia KOToporo k 2 — 1 > i > 2. 
Tor^a Qi-2,Qi-i,Qi+i,Qi+2 flOJKKHbi HMeTb HenycToe nepece^eHne c Qi. Ho 
fljifl yrjiOBoro KBa^paTHKa ecTb TOJibKO Tpn coceflHHx KBa^paTHKa, KOTopbie ero 
nepeceKaroT. □ 

TeopeMa 3. JJah ak>6ou npaeuAbnou neanoecnou npueou /: [a,b] — > Q ee 
nanaAO f(a) u Konev, f(b) xeAxwmcM pa3AunnuMU eepmunaMU neadpama Q. 

JHoKasameAbcmeo. IIpe^nojiojKHM, ^to HaHajio kphboh p(a) He flBJiaeTca BepniHHoii 
KBa,n;paTa Q. IlycTb {Qi}?=i flBjiaeTCfl npaBHjibHbiM pa36HemieM Ha o6pa3bi 
MaKCHMajibHbix (ppaKiniii kphboh p(t) , 3aHyMepoBaHHoe b nopa^Ke hx npoxojK^eHHfl 
kphboh. IIojiojkhm b\ = a + (6 — a) / k 2 . Tor,n,a p{b\) npHHafljiejKHT nepeceHemno 
Qi H Q2 h He coBna^,aeT c BepniHHaMH Qi, noTOMy hto b\ flBJiaeTCH HanajiOM 
BTopoii (ppaianiH. C flpyroii ctopohm b\ ABjiaeTca kohh,om nepBoii cppaKiniH, 
nosTOMy nojiy^aeM, nTO h p(b) He ABjiaeTCH BepiHHHofi Q. PaccMOTpnM pa3JiHHHbie 
BapnaHTbi pacnojio»ceHHfl p(a) h p(b) Ha CTopoHax Q. 

1) p(a) h p(b) npHHa^jiejKaT o,h,hoh h toh »ce CTopoHe. 3to HeB03MO>KHO 
noTOMy hto b TaxoM cnynae Q2 ppjiyKen nepecexaTb Q\ h Q3 no o,h,hoh h toh 
»ce CTopoHe. 

2) p(a) h p{b) jie»caT Ha npoTHBonojioJKHbix CTopoHax Q. B stom cnynae 
nenoHKa Ky6nKOB {Qi} BbiTarHBaeTca b jihhhio h He MoaceT o6pa30BaTb KBa^paT. 

3) p(a) h p(b) jie»caT Ha coce^HHx CTopoHax KBafl,paTa. B stom cny^ae 
nepece^eHne Qi c Qi+2 HenycTO h mojkho cocjiaTbca Ha jieMMy. 

□ 

yrjioBbie MOMeHTM. MoMeHT BpeMeHH t Ha3biBaeTca ysAoeuM nopsidna k 
fljifl npaBHjibHoii neaHOBCKoii kphboh p(t) , ecjin p{r) flBjiaeTCH BepniHHOH o6pa3a 
(ppaKu;HH k-vo nopa,a;Ka. 

^jih xajK^oro (ppaKTajibHoro nepno^a ero Ha^ajio h KOHen; aBJiaiOTca yrjiOBMMH 
MOMeHTaMH b CHJiy TeopeMbiEl B CHJiy jieMMbilHlKajK^biii (ppaKTajibHMH nepnofl 
nopa^Ka k, iiomhmo Havana h KOHH,a co^,ep»cHT pobho ^Ba yrjiOBbix MOMeHTa k- 
ro nopaflKa, KOTopbie mm 6ya;eM Ha3biBaTb enympennuMU, a hx o6pa3bi Ha3biBaTb 
BHyTpeHHHMH BepniHHaMH o6pa30B (ppaKu;HH: nepBoii h BTopoii b cootb6tctbhh 
c nopflfl,KOM hx npoxojKfleHHa kphboh. 
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JleMMa 8. Ecjiu f — djpaKmajibnasi neanoecKasi Kpuean, o6pa30M Komopou 
M,ejiM,emcM, Keadpam Q, mo npoo6pa3 jiw6ou U3 eepwun Keadpama Q cocmoum 
poeno U3 odnoii mouKU. 

JJ,OKa3amejibcmeo. JXpsi Jiio6oii Bepinimbi n jiio6oro k cyiuecTByeT eflHHCTBeHHaa 
(ppaKUHH k-vo nopa^Ka, co,nep;<KaHia5i 3Ty BepniHHy. IIosTOMy npoo6pa3 BepniHHbi 
n,ejiHKOM jiejKHT bo (ppaKTajibHOM nepno^e fc-ro nopa^Ka. Tax KaK sto BepHO 
npH jik>6om k, to npoo6pa3 o^hoto^ghgh . □ 

IlHTepHbie KpHBbie. IlpaBHjibHyio neaHOBCKyio KpHByio mm 6y,n,eM Ha3biBaTb 
nsimepHou, ecnii OHa no,np6Ha e^HHHHHoii neaHOBCKoii kphboh h HMeeT KBa,npaTHO- 
jniHeimoe OTHOineHne MeHee naTH. Haineii KOHenHoii iiejibio HBjraeTCfl #OKa3aTejibCTBO 
HecymecTBOBaHHH iraTepHbix kphbmx. 

JleMMa 9. Ecjiu Kpueasi /: [0, 1] — ► Q nnmepnan, mo emopan, npoxoduMan eii 
eepmuna Q, Jieotcum na odnou cmopone c nepeou (mouKou exoda), a mpembM, 

— na odnou cmopone c nemeepmou (moHKoil euxoda). 

JJ,OKa3amejibcmeo. IlycTb ABCD — Bepinimbi (e/niHHHHoro) KBa,n,paTa Q, yKa3aHHbie 
b nopfl^Ke hx npoxo»c^,eHHfl kphboh /, aO = a,b,c,d — 1 cooTBeTCTBeHHO 
o6o3HaHaiOT MOMeHTbi npoxo»c^,eHHfl 3thx BepniHH kphboh /. Tax hto j '(a) = A 

— HaHajio, a f(d) = D — KOHeu, kphboh. Ecjih B = /(b) — nepBaa BHyTpeHHira 
BepniHHa — jiejKHT Ha o,tj;hoh CTopoHe c A, to C = /(c) He ocTaeTca HHHero 
HHoro, KaK jie»caTb Ha o,tj;hoh CTopoHe c D. To ecTb b stom cjiy^ae saKjiioneHHe 
jieMMbi cnpaBe^jiHBO. Ecjih »ce B jiejKHT c A Ha o,h,hoh ^naroHajin, to naTepHOCTb 
kphboh ^aeT HepaBeHCTBO b — a > 2/5. ^ajiee b stom cjiy^ae C jiejKHT Ha 
o,h,hoh ^HaroHajiH c D, OTKy#a d—c > 2/5. HaKOHen,, paccTOHHHe Mexjiy B h C 
e,a;HHHi];a, OTKyrja c — b > 1/5. CKjiaflbiBaa BMeere Bee nojiy^eHHbie HepaBeHCTBa, 
nojiynaeM d — a > 1 BonpeKH ycjiOBHio d — a = 1 . □ 

JleMMa 10. Ecjiu Kpueasi f numepnasi, mo o6pa3u jiki6ou napu cocednux 
nepuodoe odnoso nopsidna uejiummcM, KeadpamaMU c o6ui i eu cmoponou. 

JJ,OKa3amejibcmeo. IlpeflnojioJKHM, hto o6pa3bi HeKOTopoii napbi coceflHHx nepnoflOB 
oflHoro nopfl^Ka kphboh /(i) nepeceKaiOTCfl no BepniHHe h flOKa»ceM, hto b 
TaKOM cjiynae / He HBjraeTCfl nflTepHon. 

Ilepexoflfl ot kphboh / k no,np6HOH kphboh <f>(t) = Vkf(kt), Mbl, He MeHflfl 
KBaflpaTHO-jiHHeiiHoro OTHonieHHH, npn cooTBeTCTByioiiieM no,n,6ope k, mojkcm 
,i;o6HTbCfl, hto6m o6pa3bi napbi coceflHHx nepnoflOB kphboh <f> npeflCTaBjiajiH 
co6oii e,a;HHHHHbie KBa,a;paTbi Qi h Qj+i, nepeceKaiomHecfl no BepniHHe, a cooTBeTCTByiomne 
hm nepnoflbi HMejin e^HHnnHyio ^,jiHHy. 

IlycTb to,ti,t2,t3,t4,,ts,t6 yrjiOBbie momghtm nocjie^OBaTejibHoro npoxojKfleHHH 
BepniHH SToii napbi KBa/ipaTOB kphboh <j>. To ecTb to — Ha^ajio z-ro nepno^a 
(momght BxojKfleHHH b Qi), t$ — KOHeu; i + 1-ro (momcht Bbixo,a;a H3 Qj+i), a 
ts, momght nepexo,a;a H3 Qi b Qi+\, to ecTb KOHeu; i-ro nepnofla, coBna,a;aioiri;HH 
c Ha^ajiOM i + 1-ro. 

IlycTb KpnBaa / HMeeT ^naroHajibHbiii Tan. Tor^a \4>(ti) — 4>(to)\ = 1 h 
\4>{t2) — 4>(t\)\ 2 — 2 h, TaK KaK KBaflpaTHO-jinHeiiHoe othoiiighhg <fi He npeBbiniaeT 
naTH, to t\ — to > g n ti — to > g. OTKy^a nojiy^iaeM ts — t<i < |. AHajiornHHO 
flOKa3biBaeTCH, ^ito t^ — t^ < |. IlojiyHaeM t^ — t^ < |. A TaK ksk l^t^) — 0(^)1 = 
2, to KBaflpaTHO-jinHeiiHoe othoiiighhg kphboh (f> Ha nape £4, £2 6ojibnie jih6o 
paBHO naTH. 
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ECJIH KpilBafl O^HOCTOpOHHflfl H HMeeT KBaflpaTHO-JIHHeHHOe OTHOHieHHe < 5, 

to ti - 1 > i h t 6 - h > I, OTKy^a t 5 - ti < §. A Tax xax \f(t 5 ) - /(ii)| 2 = 8, 
nojryiaeM, hto KBa^paTHO-jiHHeimoe othoiii6hh6 kphboh / Ha nape t\, t§ 6ojibine 
jih6o paBHO naTH. □ 



ycKopeHHe h 3aMe/i;jieHHe. KpnByio 6y#eM Ha3biBaTb ycKopsimuifiucsi, ecjin 
npoMexyTOK BpeMeHH ot Haiajia nepBoro BHyTpeHHero yrjiOBoro MOMeHTa 
npeBoexoflHT npoMeacyTOK BpeMeHH ot BToporo BHyTpeHHero yrjiOBoro MOMeHTa 
AO KOHu;a h Ha3biBaeM 3aMedAHK>uifiucsi b anynae npoTHBonojioJKHoro HepaBeHCTBa 
MejK,a;y sthmh npoMeacyTKaMH. 

CMeWfiHUeM KpHBOH / OT MOMeHTa t MOMeHTa t' Ha3bIBaeM BeKTop f(t') — 

fit) . CMewfiHueM (fpciK'nuu Ha3biBaeM CMemeHne ot Haiajia ^,0 KOHua ee nepno^a. 
By^eM roBopHTb, hto KpnBaa coBeprnaeT noeopom Ha CTbixe coce^HHx (ppaKHHH 
OflHHaKOBoro nopaflKa, ecjin CMemeHHfl sthx (ppaKiniii pasjiniHbi. 

JleMMa 11. Ecjiu nxmepnasi odHocmopoHHMM npueaM dejiaem noeopom, mo 
nepean U3 noeopomnux <f)paKU,uu nejinemcn 3a,MedjisiK>uifiu, a emopasi — yctiopsiwuifiu. 

/^OKa3ameAbcmeo. IIoflo6HeM H3MemiM KpnByio Tax, x ito6m o6pa3bi noBopoTHbix 
(ppaKHHH npe^CTaBJifljiH co6oii e^HHHHHbie KBa,n,paTbi, a cooTBeTCTByromiie hm 
nepnoflbi HMejiH eflHHHiHyio ,a;jiHHy. IlpeflnojioJKHM, hto KBaflpaTHO-jiHHeimoe 
OTHOHieHHe OTMacniTa6HpoBaHHOH TaKHM o6pa30M kphboh / MeHee naTH. IlycTb 
ten ti, t2, fa, t^, tg, tg — B03pacTaromafl nocne^OBaTejibHOCTb yrjiOBbix mombhtob 
npoxojK^eHHa napbi noBopoTHbix (ppaKHHH. ^ajibHefiniee ,n,OKa3aTejibCTBO pacna,n,aeTCH 
Ha ^Ba cjiynaa: noBopoT Ha3a,n, h noBopoT b6ok. 

B ciiyiae noBopoTa Ha3a,ii HMeeM /(to) = fits)- /Jajiee jieMMaElflaeT |/(£i) — 
f(U)\ 2 = 5. OTKy^a ti - h > 1 h 1 > 2 - (t 4 - ti) = (ti - t ) + (t 6 - £4) = 
(h ^ to) + (1 — (ti — t 3 )). CjieflOBaTejibHO (fi — to) < (*4 — £3)- Tor,a;a t 3 — t 2 = 
t^ — £3 h <i — to = te — t$ h mm nony^HJiH, ito nepBaa noBopoTHaa (ppaKinia 
3aMe^jiaiomaa, a BTopaa — ycKopjnomafl. 

B cnyqae, Gokoboto noBopoTa, b cnjiy jieMMEln^lnMeeM \f(ti) — f(ti)\ = 5. 
IloaTOMy 1 < ti — t\ = (ti — ta) + (*3 — ti) + (t2 — ti). C flpyroii ctopohm 
h-t\ = (t 3 - t 2 ) + (t 2 - h) + (ti -t ) = l OTKy^a t 4 -t 3 > t 1 ~ t . □ 

JleMMa 12. nnmepnaM, odnocmopoHHsui npueasi ne Mootcem dejiamb deyx noeopomoe 
nodpxd. 

fl^oKaaamejibcmeo. Ecjih npoHCxo^HT noBopoT Ha CTbiKe nepBoii h BTopofi (ppaKH,HH, 
to BTopaa (ppaKH,Hfl ^ojiJKHa 6biTb ycKoparomeii b cnjiy jieMMbi fTTl ho b stom 
cjiynae b cnjiy stoh »ce JieMMbi HeB03MO»ceH noBopoT Ha CTbiKe BTopoii h TpeTbeii 
(ppaKii;HH. □ 

JleMMa 13. Ecau nnmepnaM, odnocmopoHHMM Kpueaa dejiaem 6oKoeou noeopom, 
mo <f>paKU,usi, npeduiecmeytouiflM, nepeou noeopomnou manatee nan u nepean 
noeopomnaM 6ydem 3aMedAMWineu. 

PfoKaaamejibcmeo. IlycTb to, t\, . . .tg mombhtm npoxojKfleHHfl BepniHH Tpex nocjiefl,OBaTejibHbix 

(ppaKH,HH. Ecjih Ha CTbiKe BTopoii h TpeTbeii (ppaKHHH npoH3onieji 6okoboh 

noBopoT, to Ha CTbiKe nepBoii h BTopoii (ppaKHHH noBopoTa He 6mjio, h6o ,a;Ba 

noBopoTa no,a;pajj; 3anpemeHbi. SHa^HT \f(tr)— f(ti)\ 2 = l 2 +3 2 = 10. Cjie,a;oBaTejibHO, 

2 < tj — t\ — (t-j — tg) + (te — to) — (t\ — to). IIocKOJibKy tg — to = 2 OTCKma 

cjieji,yeT tj — to > t\ — to- SHa^HT nepBaa (ppaKH,Ha — 3aMe^;jiaiOHi,aa. □ 
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JleMMa 14. JJax nxmepnou edunuHHOu npueou paccmoxHue Meatcdy coceduuMU 
yzjioeuMU MOMenmaMU Jieotcum e duana3one om 1/5 do 3/5. 

fl l OKa3amejibcmeo. IIpefloCTaBJiaeTCfl ^HTaTejiio. □ 

JleMMa 15. IlnmepHaM, odnocmopoHHsui npueaM ne Mootcem noeopanueamb 
b6ok nocjie mpex nodpad <fipaKV ) uu c odunaKoeuM CMewtfiHutM. 

/^OKa3ameAbcmeo. IIpe^nojiojKHM npoTHBHoe h nycTb to, fa, . . . t\2 npe^CTaBJiaeT 
B03pacTaic>myio nocjie,n;oBaTejibHOCTb yrjiOBbix momghtob cooTBeTCTByionnix (ppaKiniii. 
Tor^a |/(tio) - f{ti)\ 2 = l 2 + 4 2 = 17. IIosTOMy t 10 - fa > 17/5. C Apyroii 
CTopoHbi fao - fa = (fao - to) + (t 9 - to) - (fa - to), ^ajiee t 9 - t — 3, a 
tio—tg < 3/5 h fa — to > 1/5 b CHJiy jieMMbi li4l B HTore nojiyiaeM fao — fa < 3|. 
IIpoTHBopeHHe. □ 

JleMMa 16. IIsimepHaM, odHocmopoHHMM npueasi ne Mootcem noeepnymb na3ad 
nocjie nemupex nodpad tftpaKv^uu c oduHanoeuM CMeuifinueM, ecjiu nepeasi U3 
smux nemupex (fipaKi^uu ycnopjiiou^asi. 

JJ,OKa3amejibcmeo. IlycTb to, fa, . . . ,fas pacTymaa noaneflOBaTejibHOCTb yrjiOBbix 
momghtob paccMaTpHBaeMbix nara (ppaKiniH. IlflTaa (ppaKUHii flBjiaeTCH ycKopfliomeH, 
h6o 3aBepinaeT noBopoT fjieMMa lTT|l , a nepsaa (ppaKiniH ABJiaeTCH ycKopinomeH 
no ycjiOBHK). B pe3yjibTaTe t±3 — fa = 4. C ^pyrofi ctopohm |/(ii3 — f(ti)\ 2 = 
4 2 + 2 2 = 20. IIosTOMy KBa,n,paTHO-jiHHeHHoe OTHOineHHe Ha nape fa3,fa paBHO 
nflTH. □ 

TeopeMa 4. Bcsmasi eduHunnan npaeujibnaa odHocmopoHHJUi neanoecKaji Kpueasi 
UMeem KeadpamHO-jiuneuHoe omHomenue > 5. 

JJoKa3amejibcmeo. IlpeflnojioJKHM, hto / — naTepHaa oflHOCTopoHHaa KpnBaa. 
By,a;eM ciHTaTb, hto / HMeeT 6ojiee leTbipex (ppaKirHft. B cnynae, kphboh 
^eTBepToro po^,a, hto6m co6jikicth sto ycjiOBne mm npocTO MO»ceM paccMaTpnBaTb 
ee Kax KpnByio niecTHafln,aToro po^,a, nepen^a k (ppaKiniHM BToporo nopa^Ka. 

IlycTb KpHBaa HaiHHaeT ^BHJKeHne H3 jieBoro HHJKHero yrjia, npoxo^HT o^hh 
nepno,a; BBepx n ,a;ejiaeT noBopoT HanpaBO. Tax xax OHa He MoaceT flejiaTb flByx 
noBopoTOB noflpafl ( .tomms, 112)) . to TpeTnn nepnofl OHa npo^ojDKaeT flBnaceHne 
BnpaBO. Ilocjie TpeTbero nepno^a OHa ^ojiJKHa noBepHyTb bhh3, HHane cppaKHHH, 
jiejKamaa CHH3y nojj, TpeTbeii CTaHeT mynuKOM n He CMO»ceT 6biTb npon^eHa b 
^ajibHeiinieM, noTOMy hto b Hee mojkho 6y,neT nonacTb TOJibKO cnpaBa, a bmhth 
6y,iieT HeKy^a. Ho Ha naTOM nepno^e ^BHJKeHne bhh3 y»ce HeB03MO>KHo: Hn»ce 
HeKy,a;a. IlpHxoflHTCfl ,a;ejiaTb ,a;Ba noBopoTa noppsiR, hto 3anpeiri;eHO. 

Ecjih KpnBaa Ha^HHaeT ^BHJKeHne c Tpex noffpaji nepnoflOB 6e3 noBopoTOB, 

TO B ^ajIbHeiinieM 60K0Bbie nOBOpOTbl CTaHOBflTCfl HeB03MO»CHbIMH B CHJiy JieMMbI 

1151 a noBopoTM Ha3a^j, Be^,yT b TynHK. 

IlycTb Tenepb oflHOCTopoHHaa KpnBaa Ha^HHaeT flBHJKeHHe H3 JieBoro HHJKHero 
yrjia BBepx n noBopa^HBaeT BnpaBO Ha CTbixe BTopoii n TpeTben (ppaKiinfi. 
Tor,a;a TpeTba (ppaKiina ABjiaeTCH ycKopfliomeH b cnjiy .neMMbi fTTI B ^eTBepToii 
cppaKii,HH KpnBaa npoflOJKKaeT ^BHJKeHHe BnpaBO, x iTo6bi H36e»caTb ^Byx noBopoTOB 
noflpfl^,, a b CTbixe ^eTBepTOH-naToii (ppaKHHii 6okoboh noBopoT HeB03MOJKen 
b cnjiy jieMMbi 1131 a noBopoT Ha3a# npHBO^HT b TynHK. IIosTOMy jj,BH»ceHHe 
BnpaBO 6y,n;eT npoflOJKKeHO b naTon (ppaKu;HH TpeTHH nepHO,a; no^pflfl. Ecjih b 
niecToii (ppaKiiHH npo^ojiJKHTCfl ^BHJKeHHe BnpaBO, to b flajibHeiiHieM HHKaKne 
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nOBOpOTbl H6B03MOJKHM B CHJiy JieMM UKl n lKil Cjiefl,OBaTejIbHO, b inecToii (ppaKHHH 

^.ojiJKeH 6biTb c^ejiaH noBopoT Ha3a^j, (noBopoT b6ok HeB03MO»ceH b cany jieMMbi 
Hot . Ilocjie noBopoTa b inecToii (ppaKHHH b ce,n,bMOH npo^ojiJKHTca flBH»ceHHe 
BjieBO, KOTopoe npHBO^HT b TynHK. □ 

JleMMa 17. Ilepeue mpu u nocjiednue mpu MancuMajibnue q^paKU,uu numepnou 
duasonajibnou npueou pacnojiootcenu no zpanuup ee Keadpama-o6pa3a Q. 

JJ,OKa3amejibcmeo. BTopaa (ppaKnna nocjie Bxofla pacnojioaceHa Ha OflHoii H3 
ctopoh KBa,a;paTa Q, noTOMy hto ecTb Bcero ^eTbipe cppaKinin, o6pa3bi KOTopbix 

CO^epjKaT BblXOfl H3 nepBOH (ppaKHHH H TOJIbKO OflHa H3 HEX BHyTpeHHflfl. Ho 

3Ta (ppaKuna He MoaceT npoxo,zniTca BTopoii b cnjiy jieMMbi ffiH ^ajiee Bbixo,n, H3 

BTOpOH (ppaKH,HH JiejKHT Ha CTOpOHe Q, nOSTOMy H TpeTba (ppaKH,Ha Jie>KHT Ha 

CTopoHe KBa/ipaTa Q. □ 

HanpaejienueM cmuna (ppaKiniii Ha3biBaeTca HanpaBjieHne ot u,eHTpa nepBoft 
(ppaKHHH CTbiKa Ha n,eHTp BTopoii. HanpaejienueM exoda (nanpaejienueM euxoda) 
(ppaKHHH fc-ro nopa^Ka Ha3MBaeTca HanpaBJieHne CTbixa ee nepBbix (nocjie,n,HHx) 
flByx no^cppaKiniii k + 1-ro nopa,n,Ka. 

JleMMa 18. y nnmepnou duazonajibnou npueou nanpaejieuue euxoda U3 jiw6ou 
(fipaKU,uu ujiu nepnenduKyjiapuo nanpaejienuw exoda cjiedytou^eu q^panu^u ujiu 
06a 9mu nanpaejienuM napajuiejibuu nepeceHenuw o6pa3oe <fipaKU,uu. 

/ I^OKa3ameAbcmeo. IIpe^nojiojKeHHe npoTHBHoro npHBO,zniT k TOMy, ito TpoHKa 

BXOflHblX (ppaKHHH BTOpOTO nOpa^Ka npO^OJIJKaeT TpOHKy BblXO^HblX B OflHOM 

HanpaBjieHHH. Bo3HHKaeT niecTepxa (ppaKiniii BToporo nopa^Ka BbiTaHyTaa B,a;ojib 
npaMOii. Tor,i;a KBa/ipaT paccToaHHa ot Hanajia p/o KOHH,a stoh HiecTepKH b 
niecTb pa3 npeBOCxo,a;HT BpeMa ee npoxojK^eHHa. □ 

JleMMa 19. J^uazonajibnasi namepnasi edununnaM, npuean npoxodum paccmoMnue 
om nanajia do nepeozo enympennezo y3Jia ne 6ojiee ueM 3a 2/5. 

fl^oKasamejibcmeo. IlycTb = to, t\, t%, t% = 1 cyTb yrjiOBbie MOMeHTbi nepBoro 
nopa^xa naTepHofi ^naroHajibHoii KpHBofi /. Tor^a |/(fi) — /(^2)| 2 = 2, nosTOMy 
ti — t\ > 2/5. A Tax Kax \f(ta) — /(*2)| = 1, to <3 — ti > 1/5. IIosTOMy 
tz — t\ > 3/5, OTKy,a;a t\ — t < 2/5 □ 

By,n;eM roBopHTb, ito (ppaKinia kphboh Z-o6pa3Ha, ecjin CMemeHHe ot Haiajia 
(ppaKinin po nepBoro BHyTpeHHero yrjia ropH30HTajibHO h 6yiieM Ha3biBaTb 
(ppaKH,HKi A r -o6pa3Hoii, ecjin sto CMemeHHe BepTracajibHO. 

JleMMa 20. Ecjiu nnmepnasi duazonajibnasi npueaa UMeem eepmunajibnoe nanpaejienue 
exoda, mo uau nepeax u mpembM ee <$pa%u,uu Z -o6pa3nu ujiu nepeaa $paKU,UM, 
saMedjinmu^aM,, a mpembM, (fipanu^UM ycnopsiwuifisi u onu UMemm pa3nuu N — Z- 
mun. 

/^OKa3ameAbcmeo. Ilepexo^a, ecjin Hysaio k ho^,o6hoh kphboh, MO»ceM CHHTaTb, 
^to o6pa3bi (ppaKiniii nepBoro nopafl,Ka aBJiaroTca e^HHHHHMMH KBa^paTaMH. 
06o3Ha x iHM nepe3 ti — z-biii yrjiOBoii momcht nepBoro nopa^Ka (to = 0). 

Ecjih nepBaa (ppaKirna Z-o6pa3Ha, a TpeTba — 7V-o6pa3Ha, to — 
f(tj)\ 2 = 10. IlaTepHOCTb kphboh Bjie^eT HepaBeHCTBO tf — t% > 2. A TaK 
KaK tg — to ~ 2, to t\ — to < tj — to, hto h 03HanaeT, hto nepBaa (ppaKH,na 
3aMefljiaromaa, a TpeTba — ycKoparomaa. 
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Ecjih Hao6opoT nepBaa (ppaKinra iV-o6pa3Ha, a nocne^irafl Z-o6pa3Ha, to 
|/(*s) - f(h)\ 2 — 10 h tg - t 2 > 2, OTKy^a BBH^y tg - t 3 = 2, nojiynaeM 
tg — is < tz~^2i ^to onflTb-TaKH 03HanaeT, ito nepBaa (ppaKinra saMe^jiaiomafl, 
a TpeTbH — ycKopaiomafl. 

HaKOHeu;, cjiyiaii iV-o6pa3HMx nepBoii h TpeTbefi (ppaKiniii HCKjHoneH, noTOMy 

nTO B CHJiy JieMMbI ITT11 BbinOJIHeHbl HepaB6HCTBa t% — t<l < 2/5 H tj — t(j < 2/5. 

OTKy^a tf — t% < 9/5 h 1/(^7) — f{t^)\ 2 = 10, OTKy^a KBa^paTHO-jiHHeimoe 
OTHOineHne / Ha t f, ts 6ojibine nara BonpeKH naTepHOCTH /. □ 

JleMMa 21. Ecjiu ruimepHaM duazonajibHaM, KpueaM npoxodum nemupe 4>paKV ) uu 
nodpad, demajicb e oShom u moM otce nanpaejienuu no eepmunajiu, mo nemeepmaji 
(fipaKv t un smou cepuu Jiejuiemcji Z -o6pa3uou u ycKopuwiufiu. 

JJoKa,3amejibcmeo. B cany .TTeMMbilTfllBxojT. k&k h Bbixo,a; H3 (ppaKHira He MoryT 
3aHHMaTb 6ojiee 2/5 nepHO,n;a. B cjiynae iV-o6pa3Hoii leTBepToii ceKinra, KBa,a;paT 
paccTOAHHfl ot Havana nepBoii ceKiniH jip BTopoii BepniHHbi leTBepToii cocTaBHT 
17, hto cpa3y ,n,aeT KBafl,paTHO-jiHHeiiHoe OTHOineHHe xax mhhimjm nsiTb. Tenepb 
cpaBHeHne BTopoii h leTBepToii ceKiniii, b cnjiy jieMMbi l20l no3BOJi5ieT #OKa3aTb, 
hto HeTBepTaa ceKUHfl — ycKopaio-maa. D 

TeopeMa 5. BcMKoe $paKmajibHasi duazonajibHan neanoecKasi npueaa UMeem 
Keadpanmo-jiuHeuHoe omnomenue ne Menee namu. 

JJoKa3amejibcmeo. IlycTb / — naTepHaa ^HaroHajibHafl KpHBaa. Tor^a BO-nepBbix 
HafifleTca napa nocjieflOBaTejibHbix MaKCHMajibHbix (ppaKiniii /, Taxaa hto HanpaBjieHne 
Bbixo^a H3 nepBoii (ppaianiH nepneH,zniKyjiapHO HanpaBJieHHio Bxo^a BTopoii. 
^eiicTBHTejibHO, npe^nojiojKeHne npoTHBHoro npHBcyniT b cnjiy jieMMbi 1181 k 
3aKjnoHeHHio, ito HanpaBjieHne Bbixo,a;a H3 jik>6oh (ppaKiniH napajuiejibHO HanpaBJieHHio 
Bxofla cjieflyromeii h napajuiejibHO nepeceieHHio coce,a;HHx (ppaKHira. B cnjiy 
.TTeMMbi lT7l Ha,H7TeTCfl TpoiiKa (ppaKiniH, y KOTopbix nepecenemie nepBoii h btopoh 
napajuiejibHO nepeceieHHK) BTopoii h TpeTbeii. IlosTOMy pjm BTopoii, a, cjie^OBaTejibHO 
fljia jno6oii, (ppaianiH mm nojiynHM, ito HanpaBJieHHH Bxo^a h Bbixo,n,a napajuiejibHbi. 
H mm npnxo^HM c npoTHBope^neM c HajiH^neM noBopoTOB y /. 

llTax, H3MeHHB, ecjiH HyjKHO, HanpaBjieHne h opneHTauHio kphboh, mm nojiynHM 
naTepHyio KpnByio, y KOTopoii HanpaBjieHne Bbixo^a HeKOTopoii cppaKinin Qi 
BepTHKajibHO, a cjieflyKttuaa cppaKinia Qi+i, pacnojiojKeHa Ha^ Qi. B TaKOM 
cjiy^ae k ^eTBepxe (ppaKH,Hii BToporo nopa^Ka, cocTaBJieHHbix nocne,n,HHMH TpeMa 
nofl(ppaKH,HaMH Qi a nepBoii (ppaKH,Heii Qi+i npiMeHHMa jieMMa l2~T1 To ecTb 
mm nojiynaeM, hto BxoflHaa noflcppaKiina Qi+i ycKopfliomafl h Z-o6pa3Ha. A 
Tax Kax BxoflHoe HanpaBjieHne y Qi+i ropn30HTajibHoe, to noBepHyB njiocKOCTb 
Ha npflMoii yroji, mm npnxoflHM k npoTHBopennio c .TTeMMon l2fll □ 
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